
II. Prime Decompositions

Mi and Mz oriented, connected 3-manifolds

let B
;
C intMi be a 3-ball 2=1,2

Ñ
,
= MTB, 1--1.2

h : 2B, → ZBZ be an orientation reversing diffeo.
the connected sum of M, and Mz is

M , #Mz = M
, Uh Mz

:⇒BI Bz
Mz

exercise :

1) M,
#Mz is well-defined

Hint : need result of Palis & Cerf that any 2 orientation

preserving embeddings of B
"

→M
"

are isotopic

(try to prove this ! )

also need any to orientation reversing differs of 52

are isotopic ( Smale ), could get around this by

fixing a specific ¢ : 2133→ 25

2) # is commutative
, associative, and 53 is the

identity M# S3
E m

3) Th (M, #Mz ) = Film, ) * Tf (Mz)



M is prime if MEM,
#Mz ⇒ M

,
or Mz I 53

M is irreducible if every embedded 2-sphere in
'

M

bounds a 3-ball

Remark : clearly irreducible ⇒ praise
it a 2-sphere Sc M does not bound a 3-ball call

it essential

That ( 3D Schonflies That
,
Alexander 1930) :

if Sc S3 is a smooth (or PL or " bicollared
")

then the closure of each component of

53ns is a 3-ball

Remark :

1) for a proof see Hattie's notes on 3-onfds

2) false without hypothesis
e.g. Alexander Horned sphere

¥÷¥¥¥F÷÷÷..(or google a good picture ! )

3) analog for s
'
c5 true without extra hypoth .



Corollary :

S3
,
IR } are irreducible (and hence porcine)

exercise :

M a 3-mfd C 53 with 2M connected then
M is irreducible

leg.
Knot complements, handle bodies )

That 1 :

M prime ⇒ M irreducible or ME 51×5

Proof :

⇐ ) lined ⇒ prime was noted above

5×5 is prime

suppose S
'

✗ S
'

EM, #Mz = Ñ, u n°2
Sez -sphere

by van Kampen's The

2- E IT (5×5)=-4CÑ, ) * IT lÑj

:O IT lÑ, 1--1 (or Twirl)

(since free products are never abelian
unless one of thegroups is trivial)

consider the universal cover

IR
'

✗5 → s
'

✗ 52

IT
,
(Ñ

.
) = 1 ⇒ Ñ , lifts to ☒ ✗ 5=1123- {(o.o.us} c- 1123

since IRS is irreducible and M°, is compact
we must have it, = 133 ( 113312mi = BY non opt

by iñreduc . )



for (⇒ ) we show if M prime , but not irreducible

then M = s
'
✗5

M contains an essential 2-spheres

since M is praise S is non - separating
i. 3- an embedded loop 8CM s±.

8 meets S in one point

and they are transverse

I

let N = regular nbhdof Su 8 in M

I 5 ✗ [oil] u D
'

✗ {oil]

with DZ✗ {i} attached to S ✗ {i}

2=0, I

note 2N= 52 a separating 2-sphere in
' M

i. 2M bounds a ball 133 disjoint from N

exercise: show Nusz 133 I s
'
✗5

* ¥÷÷=
¥-7



note : Proof shows : S C M
'
a non- separating 2-sphere

then MEM
'
# s

'

✗ S
'

Th42 :

let Ñ→pM be a regular covering space
Then Ñ irreducible ⇐M irreducible

Proof:(⇒ ) 5 a 2-sphere in M

IT (5) = I ⇒ s lifts to Ñ

let 5 be a lift of 5 to Ñ

Set 6 = group
of covering transforms of Ñ→M

(Ñ regular ⇒
Ñ/GE m)

so p
- ' (5) =g¥, g (5)

note : g(5) & g
' (5) disjoint tg.gl

slice 5 embedded in
. M

5
g(5)

indeed

PIN has an evenly covered nbhd U let ✓ be

nbhd of ✗ s.t.pl
,
: V → U homeo

no a nbhd of PCH in' U looks like

☒an ze. a double pt !

Ñ irreducible ⇒ I B- a 3- ball in Ñ s.t.SI--5



now if g * 1 then gB~ n I =
if not then since g5r 5--0

we must have g
B- CÑ

(or 5cg 5)
then Brower fixed pt that

⇒g has

a fixed point ☒ 9-+1

:
. plz is a homeomorphism onto pits) = B

so 5=212

⇐7 Proof is much harder
,
uses minimal surfaces

(Meeks - Yau 1980
"

equivariant sphere tha
")
4¥

Lor 3 :

lens spaces are irreducible

Proof: 53 covers lens spaces☒

The 4 :

(Kaeser 1929 )

every closed oriented 3-manifold is a

fin ice connected sum of praise mfds

(Milnor 1964
if Mi # . . .

#Mm and N, # . . .#Nn are two such

decompositions of M (and no Mi,N; E 53)
then men and (after reordering) M, EN; if i



The proof uses nÉsurfacetheory_ a very
useful tool

,
but we will not prove this here

see Hather's notes on 3-nrfds

But for us
,
this means if we want to understand

3-manifolds it suffices to understand prime ones

(we will see below how to recognize when a 3-mfd

is a connected sum )


